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It is proposed to consider dark matter as a perfect dilaton-spin fluid (with particles endowed with intrinsic spin and 
dilaton charge) in the framework of a gravitational theory with a Weyl-Cartan geometrical structure. The modified 
Friedmann-Lemaitre equation (with a cosmological term) is obtained for the homogeneous and isotropic Universe 
filled with the dilaton-spin dark matter. On the basis of this equation, we develop a nonsingular cosmological model 
starting from an infiation-like stage (for super-stiff equation of state), passing radiation-dominated and matter- 
dominated decelerating stages and turning into a post-Priedmann accelerating era. 



1. Introduction 

The basis concept of modern fundamental physics 
consists in the preposition that the spacetime ge- 
ometrical structure is compatible with the pro- 
perties of matter fiUing the spacetime. It means 
that matter dynamics determines the metric and 
connection of the spacetime manifold and is in 
turn determined by the spacetime geometric pro- 
perties. Therefore the possible deviation from the 
geometrical structure of general relativity should 
be stipulated by the existence of matter with un- 
usual properties, which fills spacetime, generates 
its structure and interacts with it. As examples 
of such matter, perfect media with intrinsic de- 
grees of freedom are considered, such as a perfect 
fluid with spin and non-Abehan colour charge Q], 
a perfect hypermomentum fluid (see and 
references therein) , and a perfect dilaton-spin flu- 
id jH]. All these fluids are generalization of the 
Weyssenhoff-Raabe perfect spin fluid jSi- 

Modern observations [Z||H] lead to the conclu- 
sion on the existence of dark (nonluminous) mat- 
ter whose density exceeds by an order of magnitu- 
de the density of baryonic matter which forms 
stars and the luminous components of galaxies. 
It is dark matter interacting with positive vacu- 
um energy or quintessence (whose density has the 
same order of magnitude) PI EH that realizes the 
dynamics of the Universe in the modern era. An- 
other important consequence of the modern ob- 
servations is an understanding of the fact that the 
end of the Friedmann era occurs when decelerated 
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expansion is followed by accelerated expansion, a 
transition to an unrestrained exponential expan- 
sion being possible. 

The hypothesis on the existence of dark matter 
in galaxies was proposed by Zwicky in his pioneer- 
ing work (]^ . But the essence of dark matter is yet 
unknown. The hypothesis that dark matter was 
endowed with a new kind of gravitational charge 
which generates a short-range gravitational inter- 
action of Proca type was put forward in [12^ . This 
interaction is best appreciated in terms of the ex- 
istence of Weyl-Cartan spacetime. Independently, 
in it was shown that Weyl-Cartan geometry 
was generated by a perfect dilaton-spin fluid, and 
the corresponding non-singular cosmological mod- 
el was constructed. Then, in the hypothesis on 
a perfect dilaton-spin fluid as a model of dark mat- 
ter was proposed in a gravitational theory with 
Weyl-Cartan geometrical structure. 

Within the framework of these ideas, a mod- 
ified Friedmann-Lemeitre (FL) equation with a 
cosmological term for a homogeneous and isotrop- 
ic Universe filled with the dilaton-spin dark mat- 
ter was constructed for an arbitrary equation of 
state of dark matter dj-mj. In the present pa- 
per, solutions of this equation for various equa- 
tions of state are obtained. An inflation-like solu- 
tion is obtained for superstiff equation of state of 
dark matter at the early stage of the Universe. The 
evolution of the Universe starts from a very small 
but non-zero size, then passes Friedmann deceler- 
ating stage and turns into a post-Friedmann ac- 
celerating era. 

Throughout the paper the signature of the 
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metric is assumed to be (+,+,+,—), and the 
conventions c = 1 , h = 1 are used. 

2. Weyl-Cartan space 

Let us consider a connected 4-dimensional ori- 
ented differentiable manifold ^A equipped with 
a metric g of index 1, a hnear connection T and 
a volume 4-form rj. Then a Weyl-Cartan space 
CW4 is defined as the space equipped with the 
curvature 2-form 71°'^ and the torsion 2-form 
with the metric tensor and the connection 1-form 
obeying the condition 

-D5a/3 = Qap = ^SapQ , 

Q^g"^QaP = Qo.9" , (1) 

where Qq^ is the nonmetricity 1-form, Q the 
Weyl 1-form, and D = d + F A . . . the exterior 
covariant differential. Here 9" {a — 1,2,3,4) is 
cobasis of 1-forms and A is the exterior product 
operator. 

The curvature 2-form 7?."/3 and the torsion 2- 
form T" , 

are defined by the Cartan structure equations, 

7^";3 = dr"^ + r% a r> , 
T" = dO" + r"/3 A . 

The Bianchi identities for the curvature 2-form, 
the torsion 2-form and the Weyl 1-form are valid, 

D7^"/3 = , DT" = n'^p Ae>^ , dQ = 2TV^ . 

The torsion 2-form can be decomposed into the 

sum of irreducible pieces T : the traceless 2-form 
with i = 1 , the trace 2-form with i = 2 and the 
pseudotrace 2-form with ? = 3 jlfil ITT] , 

(1) (2) (3) 

where the torsion trace 2-form and the torsion 
pseudotrace 2-form are determined by the expres- 
sions, 

r " = A 0" , r = *(6i„ A *r") , 
r " = ^ * (-p A r ) , p = *{0^ A T") . 

Here the torsion trace 1-form T and the torsion 
pseudotrace 1-form V are introduced. 



It is convenient to use the auxiliary fields of 3- 
forms rja , 2-forms rjap , 1-forms rjap-y and 0-forms 

Va = *0a , ?/a/3 = *(6'a A dp) , 
'7q/37 = A 6*^ A 9^) , 

vanjx^*iea/\ep/\e^/\ex), (2) 

where * is the Hodge operator. 

In Weyl-Cartan space the following decom- 
position of the connection 1-form is valid: 

c 

1 /3 =r /3 + A /3, 

Aq/3 = -{29[aQf3] + 9apQ) , 
C 

where F "/3 denotes a connection 1-form of a 
Riemann-Cartan space Ui with curvature, tor- 
sion and metric compatible with the connection. 
This decomposition of the connection induces the 
corresponding decomposition of the curvature 2- 
form 0, 

7^"/3 =^"/3+ D A"^ + A"^ A AT^ 
c 

where D is the exterior covariant differential with 

respect to the Riemann-Cartan connection 1-form 

c c 

r "/3 , 7^ "/3 is the Riemann-Cartan curvature 2- 
form and 'RT'^ = dr\ ^ (l/2)dQ is the Weyl 
segmental curvature 2-form. 

3. Perfect dilaton-spin fluid as a 

source of Weyl-Cartan 
spacetime 

There are two dominated components of cosmolo- 
gical medium in the present epoch: dark energy 
and dark matter. According to our hypothesis 
|14j . dark matter is realized as a perfect fluid with 
intrinsic degrees of freedom, namely, the perfect 
dilaton-spin fluid. Every particle of this fluid is 
endowed with spin Sap and dilaton charge J. 
These material sources generate a Weyl-Cartan 
geometrical structure of spacetime. 

The following Noether currents appear in the 
variational formalism p]: the canonical energy- 
momentum 3-form So- , 

= '^^fl'r'^ = pri„ + {e+p)uaU + nScrpu''u,{?,) 
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and the dilaton-spin momentum 3-form J""/? , 



J ^ 



(4) 



Here e is the internal energy density of the fluid, 
Sap is the specific (per particle) spin tensor, n is 
the fluid particles concentration, p is the hydrody- 
namic fluid pressure, u = u^rja is the flow 3-form 
which corresponds the 1-form of velocity *u = 
. The 'dot' notation for the tensor object $ 
is introduced, <i>"/5 = *(u A T)<^°'p) . 

In a Weyl-Cartan space the matter Lagrangian 
obeys the diffeomorphism invariance which leads 
to the equation of motion of the perfect dilaton- 
spin fluid in the form of a generalized hydrodyna- 
mic Euler-type equation. The component of this 
equation along the 4-velocity yields the energy 
conservation law along a streamline of the fluid 

m 



de — - — — An 



(5) 



The total Lagrangian density 4-form of the 
theory L is represented as the sum of the Lagran- 
gian density 4-forms of the gravitational field 
Lgrav and of the dilaton-spin fluid C fluid , 



^ — ^grav ^~ ^ fluid •> 



(6) 



where the Lagrangian density 4-form of the gravita- 
tional field is 



1 



Cgrav = 2/o (^-7^";3 A + -A7^"„ A *7^' 

+Qi T" A + Q-2 (T" A Op) A ^iTf" A 9^) 
+^3 (T" A 9^) A ^iT" A Op) 



H Q /\ *Q + C Q /\ 0" A *Ta, - Ar] 



+A"'5 A ( - ^gc^Q 



(7) 



Here /o — l/(2a3) (ae — 8nG), A is the cosmologi- 
cal constant. A, gi, g2, Qs, ^, C are the coupling 
constants, and A"'' is the Lagrange multiplier 3- 
form with the properties. A"'' = A^" , A"^ = 0. 

In 10 the first term is the linear Hilbert- 
Einstein Lagrangian generalized to Weyl-Cartan 
space, the second term is the Weyl quadratic La- 
grangian. The Weyl 1-form Q, in contrast to the 
Weyl's classical theory, represents the gauge field, 
which is not related to an electromagnetic field, 
which is pointed out in pHl, ^2]- We call the 
Weyl 1-form Q a dilatation field (Weyl field). 
The term with the coupling constant ^ represents 



the contact interaction of the dilatation field with 
torsion, which can occur in Weyl-Cartan space. 

The gravitational field equations in Weyl- 
Cartan spacetime can be obtained by the varia- 
tinal procedure of the first order by varying the 
Lagrangian 10 with respect to the connection 1- 
form r"^ (F-equation) and to the basis 1-form 
6*" (61 -equation) independently, the constraints 
on the connection 1-form in Weyl-Cartan space 
being satisfied with the aid of the Lagrange mul- 
tiplier 3-form A"'' |l4j. 

Inclusion of a term with the Lagrange multipli- 
er A"^ into the La grangian density 4-form means 
that the theory is considered in Weyl-Cartan 
spacetime from the very beginning pBl^CSl ■ Ano- 
ther variational approach has been developed in 
|17j where the field equations in Weyl-Cartan 
spacetime have been obtained as a limiting case 
of the field equations of the metric-affme gauge 
theory of gravity. These two approaches are not 
identical in general and coincide only when A"^ 
is equal to zero as a consequence of the field equa- 
tions. 

Our variational method also differs from that 
of ^j, where a variational procedure is construct- 
ed for obtaining field equations in empty space- 
time, and then material spinless sources are added 
to these field equations. In contrast to [m, we ob- 
tain the following consequences of the F-equation, 

3(i + C) ^ 



^ 2(1 - + 2£)2) " ' 

(1 - 4ei - 4q2 - 12g3)r 

(1 + 2^^1 + 2^?2) Ta 

2 f, 
= --SinSfi(aU^)9'^ A 9'' 



01 



(9) 



(10) 



Contracting the F-equation and using ijHJ, one 
finds an equation of Proca type for the Weyl 1- 
form ^ (compare with pj], [TT]!: 



ae 



*d>i=dQ + m Q——nJ*u 



(11) 



A 4A(1 - + 2(?2) 

Eq lfTT|l shows that the Weyl field Q, in contrast 
to Maxwell field, possesses a non-zero rest mass 
and exhibits a short-range nature |18l[^ [T^ll9j . 

Eqs. ©, © and ifTHll solve the problem of eval- 
uation of the torsion 2-form. Using the algebra- 
ic field equations ijHl and ifTTHl . the traceless and 
pseudotrace pieces of the torsion 2-form are deter- 
mined via the spin tensor and the flow 3-form u 
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of the perfect dilaton-spin fluid in general case. 
Using Eq Q, one can determine the torsion trace 
2-form via the dilatation field Q, for which the 
differential field equation itTTll is vaHd, and the 
torsion trace 2-form can propagate in the theory 
under consideration. 



4. Modified Friedmann— Lemaitre 
equation 

Let us consider a cosmological model with the 
Friedmann-Robertson-Walker (FRW) metric with 
the scale factor a(t) , 



1 - fcr2 



(13) 



In this model the homogeneous and isotropic Uni- 
verse is filled with a perfect dilaton-spin fluid pi] , 
which realizes a model of dark matter with J ^ 
in contrast to baryonic and quark matter with 
J = . In it is shown that in a theory with the 
Lagrangian only spinless matter with Sap = 
can be a source of the gravitational field in a ho- 
mogeneous and isotropic Universe with the FRW 
metric ifT^jl . In this case, the torsion 2-form con- 
sists of only the trace piece. For the FRW metric 
Ijl^ll also dQ = identically, and one can derive 
the Weyl 1-form Q algebraically from Eq Ijllll . 

For the FRW metric Ill3|l the continuity equa- 
tion d{nu) = (d is the exterior differentia- 
tion operator) yields the matter conservation law 
na'^ = N = const. As an equation of state of 
the dilaton fluid, we choose the equation of state 
p = 7£,0<7<l. Then integration of the ener- 
gy conservation law ^ for the FRW metric itT^ll 
yields 



£^3(1+7) = 5 - const 



f > 



(14) 



Variation of 10 with respect to the basis 1- 
form 9" gives one more field equation (61 -equation) 
with a source in the form of the fluid canonical 
energy- momentum 3-form Q . In we have de- 
composed the field -equation into Riemannian 
and non-Riemannian pieces. As a result, we can 
represent the field 6* -equation as an Einstein-like 
equation 



R 

Rap 



I R f \ 

-^Oafl R= £E\^{ec+Pc)UaUi3+Pcgal3j , (15) 



R R 

where Rap , R are the Ricci tensor and the cur- 
vature scalar of Riemann space, respectively, £o 
and Pe are the energy density and pressure of an 



effective perfect fluid: 



/ JN 



£ = asi 



\2\iv? 



cy 



4(1 - gi+2g2) 



3 

64 ' 



and, moreover, = A/ee and Pv — ~A/ee are 
the energy density and pressure of vacuum with 
the equation of state Ev = —Pv > . 

The field equation Ijl5|l yields the modified 
Friedmann-Lemaitre (FL) equation for the per- 
fect dilaton fluid with the equation of state p = 
7^, 



3a6 



(16) 



We put A: = in Ijl6|l in accordance with the 
modern observational evidence [3 |2l El) which 
shows that the Universe is spatially flat in the 
cosmological scale. 

Another component of Eq. (1 1511 has the form 



ae 

3^ 



-(l + 37)£^a3(i-^) +25 



.(17) 



5. Evolution scenario of the 
Universe with dilaton dark 
matter 

Our hypothesis consists in assuming that the Uni- 
verse evolution begins from the superstiff stage, 
when the equation of stage of the dilaton fluid 
is 7 = 1 . In this case the equation itTljl yields 
e = £i ^ const . The FL equation lfT6|l reads 



— {s.a' +£,-£) 

cSEy / 6 _ 6 ^ 
3a^ '^min7 I 



and can be exactly integrated. The solution cor- 
responding to the initial data t = 0, a = amin 
reads [14j . 



= a,ni„(coshV3At)^/^ , 
( as? f JN 



A \2Am^ 



1/6 
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This solution describes the inflation-like stage of 
the evolution of the Universe, which continues 
until the equation of state of the dilaton matter 
changes and becomes no more superstiff. 

When a smooth jump of equation of state from 
7=1 to 7=1/3 happens, the FL equation Ijltill 
describes a graceful exit from the superrigid stage 
to the radiation stage of the Universe evolution. 

Consider the radiation-dominated stage with 
7 = 1/3. In this case the Eq itTljl yields ea^ = 
£i/3 = const. The modified Friedmann-Lemaitre 
equation (jltill for the expanding Universe (a > 0) 
takes the form 



~3~ 



1 



£_ 



1/2 



(18) 



When d = , an extremum of the scale factor 
is realized. In case a ^ 1 , when £ is positive 
( a > ) and sufficiently small compared the value 
of fi/3, this extremum is approximately equal to 



£ 



1/2 



= ai < 1 



This value realizes a minimum of the scale factor 
because from Eq Ill7|l one can see that for this 
value the d > . 

In the limit t ^ 0, a ^ ai Eq II18|I can be 
integrated giving 



ai V 3 

This solution demonstrates a correct behavior a ~ 
^/t of the scale factor of the Friedmann radiation- 
dominated stage at small (but not infinitesimal) 
time. 

When the radiation energy density becomes 
sufficiently small compared to matter energy den- 
sity, a matter-dominated stage begins with 7 = 
2/3. Then l(T4jl yields ea^ = £2/3 = const, and 
the modified FL equation lfTfi| for d > takes the 
form 



1 



6 , ^2/3 

a H —a - 



£ 



1/2 



(19) 



If £ is sufficiently small compared to £2/3, a min- 
imum of the scale factor (when d = holds) in 
case a ^ 1 is approximately given by 



am2 



£ 



£ 



02 < 1 



2/3 



Eq Ijl7|l in case 7 = 2/3 reads 
a 3 



88 
3^ 



-a£' 



2/3 



2£ 



(20) 



(21) 



Using this equation, one can easily verify that the 
value Ij2()|l of the scale factor corresponds to the 
condition d > . 

In the limiting case t ^ 0, a ^ 02 Eq IjlQH 
can be integrated with the solution, 



+ -a2CL 
6 



3/2 ^ ii 5/2 5 

6^2 



2/3 



t . 



This solution demonstrates a correct behavior a ~ 
i^/^ of the scale factor of the Friedmann matter- 
dominated stage at small (but not infinitesimal) 
time. 

In the limit case t ^ 00 , a ^ 00 , Eq Ijl9|l has 
a de-Sitter-like solution with d > , 



a — C exp ( — t 



C>0, 



where C is an arbitrary positive constant. Thus 
an accelerating stage of the Universe evolution is 
predicted. 

Equating the right-hand side of Eq 1I2TI1 to ze- 
ro, one can see that there are two points of inflec- 
tion of the scale factor plot The first one has 
a very small value, but the second one, 

1/5 



/3aef2/a 
I 2A 



corresponds to the modern era. This is the point, 
when the Friedmann expansion with deceleration 
is replaced by an accelerated expansion, which 
agrees with the modern observational data |3, [3. 

The last stage of expansion is a dust stage with 
7 = 0. In this case Eq ifTiji yields ea? = 5o = 
const , where £0 is the total mass-energy of dilaton 
matter of the Universe. 

The modified Friedmann-Lemaitre equation 
ltT6|l for the expanding Universe ( d > ) takes the 
form 

1/2 

%^--] . (22) 



1 



£ 



When d = , then we have a minimum of the 
scale factor. 



^m3 




If £0 is very large, one has 



^m3 



1/3 



= flo < 1 



In this case Eq (I22|l can be exactly integrated 
with the solution 



2£v 



£ 



— = Ce 



/3At 



(23) 
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where C is an arbitrary constant. For the initial 
conditions t = 0, a = Gms , the value of this con- 
stant is 

and the solution Il23|l takes the form 

Another form of this solution is 
a=(|f^(coth(V3At)-l) 

\ 1/3 

+a^3 coth(y3A t) \ . (24) 

If one puts in Ij24|l Oms = , there appears a cos- 
mological monotonic model of Mi type [IHI which 
after an inflection point asymptotically turns into 
the empty de Sitter universe as t ^ oo . 

6. Conclusions 

Various non-standard cosmological theories lead 
to various modifications of the Friedmann-Lemaitre 
equation. 

In metric-affme gravity (MAG) one obtains a 
modified FL equation similar to itTfijl . but with- 
out a cosmological term After analyzing this 
equation, the authors of flTj conclude that "pure- 
ly dilational matter amplifies gravitational attrac- 
tion. In particular, it accelerates rather then re- 
tards the possible collapse of a system." In this 
cosmological theory, the analogue of our constant 
a is negative that "corresponds to an additional ef- 
fective attractive force dominating during the very 
early stages of evolution" of the Universe. Recent- 
ly in [21] the SN la supernovae data were analyzed 
within this non-standard cosmological model with 
the cosmological term added. 

In the similar modified FL equation (al- 
so without a cosmological term) was obtained in 
the framework of the Einstein-Proca-matter sys- 
tem appearing from the Weyl-Cartan geometri- 
cal approach to the gravitational theory. For the 
pressure-free dust case 7 = it was shown by nu- 
merical methods that this equation has both sin- 
gular and nonsingular solutions. 

In [22j, in the framework of version of D-brain 
cosmology on the boundary of anti-de Sitter space, 
the modified FL equation similar to Ijl6|l appears 



with £ ~ Qi+i ) where Q4+1 corresponds to an 
"electric charge" in (4+l)-dimensional sense. 

In our theory, the set of equations Ijl6|l - lll7p 
describes a nonsingular model of evolution of 
the Universe starting from an inflation-like stage 
(for superstiff equation of state) , passing through 
radiation-dominated and matter-dominated dece- 
lerating stages and turning into a post-Friedmann 
accelerating era. 
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